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ON THE GENERALIZED SPECTRUM
FOR SECOND-ORDER ELLIPTIC SYSTEMS

ROBERT STEPHEN CANTRELL AND CHRIS COSNER

ABSTRACT. We consider the system of homogeneous Dirichlet boundary value
problems

(*) Liu = Ma11(z)u + a12(z)v], Lov = pla12(z)u + az2(z)v]

in a smooth bounded domain @ C R™, where L; and Ly are formally self-
adjoint second-order strongly uniformly elliptic operators. Using linear per-
turbation theory, continuation methods, and the Courant-Hilbert variational
eigenvalue characterization, we give a detailed qualitative and quantitative de-
scription of the real generalized spectrum of (*), i.e., the set {(A, u) € R2: (%)
has a nontrivial solution}. The generalized spectrum, a term introduced by
Protter in 1979, is of considerable interest in the theory of linear partial dif-
ferential equations and also in bifurcation theory, as it is the set of potential
bifurcation points for associated semilinear systems.

1. Introduction. Suppose that (1 is a bounded smooth domain in RN, N > 1,
and that L;, © = 1,2, are second-order strongly uniformly elliptic operators acting
on functions from {2 into C. Consider then the system
(1.1) Liu = Mai1(z)u + ai2(z)v], Lov = plazi(z)u + azz(z)v]
in €1, where u and v are required to satisfy homogeneous Dirichlet boundary con-
ditions. A point (), ) € C? for which (1.1) has a nontrivial solution is called a
point of the generalized spectrum for (1.1). This term was introduced in 1979 by
Protter [14] for a class of problems which includes (1.1). He found that “the process
for obtaining lower bounds for the spectrum of a second order system is improved
substantially by the introduction of [this] generalization of the spectrum.”

From a different though related point of view, generalized spectra represent the
potential primary bifurcation points to associated semilinear problems. Such prob-
lems provide good examples for the recently developed multiparameter bifurcation
theory (see, for example, Alexander and Antman {1, 2], Fitzpatrick, Massabo, and
Pejsachowicz (10, 11], and Ize, Massabo, Pejsachowicz, and Vignoli [13]). Further,
such semilinear systems determine the steady-states to reaction-diffusion systems
arising in the applications. In particular, the situation when L; = Ly = —A and
diffusion coefficients are allowed to vary independently from equation to equation
occurs frequently.

For instance, Brown and Eilbeck [3] exploit the generalized spectrum to study
stabiltity properties of constant solutions to the problem

(1.2) u(z,t) = diAu(z,t) + F(u,v), wv(z,t) =d2Av(z,t) + G(u,v)
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when the diffusion coefficients d; and d; are allowed to vary independently.

Of course, it should be noted that in the above situations, it is not the full
generalized spectrum of Protter [14] but rather its restriction to R? which is of
paramount interest. We shall adopt this point of view in this article. Consequently,
unless otherwise specified the term generalized spectrum will now denote only the
set ¥ = {(A, ) € R%: (1.1) has a nontrivial solution}.

The geometric properties of the generalized spectrum for (1.1) were studied in
detail in Cantrell [5] in the special case when Ly = Lo, a5, 2,5 = 1,2, are positive
constants, and ajjag2 — az1a12 > 0. The generalized spectrum was determined to
be the collection of hyperbolae

{An(a22p — An)/((@11022 — @21a12)p — Apair): n=1,2,3,...}

where 0 < A; < Ay < --- are assumed to be the eigenvalues of L; on {2} subject
to zero Dirichlet boundary data. In particular, the hyperbolae associated with A,,
and \,, m < n, intersect precisely when

Am < Va11a22 — \/a21a12
An T \aii1azz + \/az1a12

This information is used to analyze the bifurcation phenomena for the problem

Lu=Af(u,v)
in Q,
(1.3) Lv = pg(u,v)
u=0=0 on 01},

where £(0,0) = 0 = (0,0) and (3f/3u)(0,0) = a1, (3//8v)(0,0) = ara,
(8g/0u)(0,0) = az1, and (0¢/dv)(0,0) = asz.

The analysis of the generalized spectrum in this special case uses an elimination
procedure which depends heavily on the fact that the a;;’s are constant and that
the elliptic operator is the same in both equations. It is highly desirable to eliminate
these restrictions both from the point of view of studying geometric properties of
generalized spectra and from the point of view of applications to more general
semilinear problems of the form

Liu=\f(z,u,v)

(1.4) Lav = pg(z,u,v)
u=0=0v on 0f},

in Q,

where f(z,0,0) = 0 = g(z,0,0). The results for the special case in [5] are instructive
in this regard, in that they provide a good indication of what geometric structure
to expect in general. This last is especially valuable since a direct calculation of
the generalized spectrum is no longer possible. :

In the present article, we obtain qualitative and quantltatlve information about
the generalized spectrum for (1.1) which is comparable to that obtained for the
special case in [5]. Our major techniques are the perturbation theory of linear
operators, continuation methods based on the implicit function theorem, and vari-
ational characterizations of eigenvalues as in Courant and Hilbert [9]. We shall
make the following assumptions:
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(i) Ly and Lo are of the form

N
Liu=— E (Afj(x)uz,.)zj + AF(z)u,
ij=1
where, for k = 1,2 (Afj(rv)){vj=l is symmetric and positive definite, A*(z) > 0,
Ak e C1t*(Q)), 4,5 =1,...,N, A¥ € C*(Q), where 0 < a < 1.

(ii) a;; € C*(Q), for 4,5 = 1,2, where 0 < a < 1.

(iii) a11(z) > 0 on Q, azz(z) > 0 on O, a11(z)aze(z) — az1(z)ai2(z) > 0 on Q.

In addition, we shall assume for the most part that

(IV) a2 =asgy.

We should note that while assumption (i) was not explicitly made in [5], it is
assumed there that the eigenvalues of L1 = Lo are all real and positive.

The remainder of this paper is structured as follows. In §2, basic qualitative
features of the set are developed via the perturbation theory of compact linear
operators and the implicit function theorem. More explicit quantitative informa-
tion is obtained in §3. Results on the multiplicity of eigenspaces corresponding to
points of the generalized spectrum are presented in §4. Finally, §5 deals with the
asymptotic structure of the generalized spectrum of (1.1).

2. Qualitative properties. Consider (1.1) and let ¥ denote its generalized
spectrum. For s € [0,27], let A(s) denote the operator

_fcoss 0 Ll_1 0 a1 Qa2

Als) = ( 0 sins) ( 0 L;1> (a12 a9
where (iv) has been assumed. If (i) is assumed, standard elliptic theory implies
that LT! and L;' are compact linear operators from C§ (1) to C3t*(Q1). Con-
sequently A(s) may be viewed as a compact linear operator on [Cg™*(12)]? under

assumptions (i) and (ii). Observe that (A, u) € £ precisely when A = (1/t(s)) cos s,
u = (1/t(s)) sin s where t(s) # 0 is an eigenvalue of A(s) for some s € [0, 27].

LEMMA 2.1. Under assumptions (i)-(iv), the eigenvalues of A(s) are all real.

PROOF. We shall argue only in the case coss # 0 and sin s # 0, as the excep-
tional cases follow from analogous arguments for a single equation. Let us suppose
then that o € C is such that the null space N(I — o A(s)) # {0}. Then there are u
and v, not both identically zero, such that

Liu=o0coss(ajju+ ajgv)

Lov = osin s(ajgu + azav) n 0
with
u=0=v onf{.
Consequently,
(2.1) Liu= ol(aiiu + aizv), Lov = o(a12u + az2v)

where L; = (1/coss)L; and Ly = (1/sins)Ly are formally selfadjoint elliptic
operators. Taking complex conjugates of the equations of (2.1) we obtain

(2.2) Lyt = 6(ay1@ + a120), La® = 6(a128 + az20).
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Multiplying the top equation of (2.1) by @ and the top equation of (2.2) by u,
integrating, and exploiting the formal selfadjointness of L; yield

(2.3) 0=(0c—- 6)/ a1y |ul? +/ a12(ovi — ooU).
Q Q

Similarly, we may obtain

(2.4) 0=(o—- 6)/ asa|vl® +/ a2 (ouv — ouw).
Q Q

Adding (2.3) and (2.4) produces

0=(0c—-0) (/ a1 |ul® + ayo(ut 4 va) + a22|v|2>
Q

(o0 — o) (/ ai1|ul® 4 2a12 Re(ud) + a22|v|2> .
Q

Now
/ aulul2 + 2a12 Re(ud) + aen|v|2
Q

> /Qaulul2 ~ 2|a| [ul [v] + agzfv|®
>0
since ajjaze — (a;2)? > 0 and (u,v) £ (0,0). Hence o = 5.
LEMMA 2.2. Under assumptions (i)-(iv),
dim N(I — 0A(s)) = dim N([I — 0 A(s)]?)
for allo € R and s € [0,27].

REMARK. The result is, of course, just the statement of the equality of the
geometric and algebraic multiplicities of the eigenspaces associated with (A, u) € L.
PROOF. With no loss of generality, assume that cos s # 0 and sin s # 0. Suppose

that
N(I—aA(s))=span{<ii),(i;),..., (g:)}

Let us denote this span by V. Define A:VxV SR by

i(Se(5) 2 ()
Lo () o)) )

+/ a2 (Z Ci%‘) + a2 (E Cﬂ/’i) (Z dkwk) .
Q i=1 i=1 k=1

Since ajjaz2 — (az2)? > 0, A gives an inner product on V. Consequently, we may

choose
( 1) < 2) < m)
Y1)\ )T\ W
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A((5)-(5) =

Next, observe that N(I — 0cA(s)) = N(L — AA) where

_ (L1 O _(ocoss 0 _{a11 a2
L_<O L2>’ A—( 0 asins)’ and A—(a12 a22>'
Furthermore, if y € R(L — AA), y = (LA — AAA)(A~'z) for some choice of z, and

consequently, if [(, )] denotes the inner product in [L%((2))?,

o () (o ()
- (A-lz, (LA - A4A) (A'l (i)))
- (A“z, (L —A4) ('wz ))

=0
since LA — AAA is selfadjomt on [L?(€2)]?, where the domain of LA — AAA is taken
to be [H2(Q) N H3())2.
Now suppose that [I-0A(s)]*2 = 0. Then (I -0A(s))z = 37, ¢i (%) for some

so that

choice of constants {cy,..., ¢y }. Consequently
(L — AA) z—ZczAA <w>
1=1
Hence

(Ec,AA( ),A 1( j)):o forj=1,...,m
(Freaa(2) 27 (2)) = (Eo(2)-(2)

1=1

e (1(2) (8) 24 (@) () e

Hencecj =0for j =1,2,...,m, and (I — 0A(s))z =
Lemmas 2.1 and 2.2 enable us to establish the followmg theorem, which is the
fundamental qualitative observation on L.

THEOREM 2.3. Suppose (i)-(iv) hold and that dim N(I — 09A(sg)) = ko > 1
for some g € R and sg € [0,27]. Then there is a 6o > 0 and ko analytic functions
from (so — b0, 80 + bo) tnto R, say ®1,..., Pk, such that

() ®;(s0) = 00;

(b) N(I - QJ(S)A(S)) ?é {0} fOT s € (30 - 6Os S0 + 60)) .] = ls 2o ey kO;

(c) there exists a neighborhood Vi of (o¢ cos sg, 0¢ sin sg) such that

ENVy = {(®;(s)coss, ®;(s)sins): s € (so — o, 50 +60),7 =1,2,...,ko}.



350 R. S. CANTRELL AND CHRIS COSNER

Moreover, for each j € {1,2,...,ko}, there is an analytic function
z;: (0 — b0, 50 + 60) — [CHT(T)]?
such that z;(s) € N(I — ®;(s)A(s)) \ {0} for all s € (59 — 6o, S0 + 00).

PROOF. Lemma 2.2 guarantees that N (I —o¢A(so)) = N((I —00A(s0))?), while
Lemma 2.1 guarantees that the spectrum of A(s) C R for s € R. Using these facts,
the proof is obtained by adapting the proof of [15, Chapter 2, §2, Theorem 1,
pp. 57-64] to a Banach space setting, as was done in [4].

Theorem 2.3 has the following corollary which shall prove useful in the sequel.

COROLLARY 2.4. The number of components of & in a sufficiently small deleted
neighborhood of (o¢ cos sg,008in sg) is even and < 2kg.

PROOF. Since the functions ®;, @9, ..., P, are analytic, if two of them coincide
on a subset of (sg— 6, sg+ ) containing a cluster point, they must coincide on all of
(so— 8,80+ 6). Thus, if two of them coincide on (sg — é,0) they must also coincide
on (sg — 6, s9 + 6). Hence, the number of arcs corresponding to s < sg is equal to
that for s > sg, so the total number is even, and clearly less than or equal to 2kg.

In the next result we dispense with the symmetry assumption (iv). Without (iv),
eigenvalues for (1.1) need not have equal geometric and algebraic multiplicities (e.g.,
Example (3.9) in [8]). However, if the point (0, uo), #o € R, is a simple eigenvalue
for (1.1), we can still give a description of ¥ near (0, o). We shall also have use
for the next result when we investigate quantitative properties of X.

THEOREM 2.5. Suppose that (i) and (ii) are satisfied, azo(z) > 0, and po s a
stmple eigenvalue of

(2.5) Lot = pasgoy) in (1, Yv=0 ondd

with eigenfunction Yo normalized so that fQ Y& = 1. Then in a neighborhood of
(0, uo), T consists of a curve which may be parameterized as (A, u(A)), A € (—éo, o)
for some 69 > 0, with u(A) real analytic in A and p(0) = pg. Corresponding solu-
tions to (1.1) may be expressed as (u,v, A, u) = (P(A), Y (A), A, u(A)) with ®(A), v (A)
also analytic in A.

PROOF. We set X = [C27*(07)]2 x R? and Y = [C*(Q7)]? x R and apply the
implicit function theorem to F': X — Y defined by

F(®,9,A,u)
= (qu> — Man1® + aro¥), Lot — plag: ® + a”zp],/ [®% + ¢?) dz — 1) .
Q
The real part of the generalized spectrum of (1.1) consists precisely of the points
(A, u) for which there exist ®,9 such that F(®,9,A,u) = (0,0,0). It is clear
that F(0, 9,0, uo) = (0,0,0), so that (0, o) belongs to the generalized spectrum.

Denote by DF the derivative of F with respect to the variables @, %, and u; then
for (p,q,0) € [C3T*(©)]? x R we have

DF(0, %0, 0, uo)(p,q,0) = (Llp, Laq — po(az21p + a22q) — 0azztyo, 2/0 11104) .
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If DF(0, %9, 0, po) is a bijection, then by the open mapping theorem it is a linear
homeomorphism, and we may apply the implicit function theorem. To see that the
map is injective, suppose that DF(0, 19,0, uo)(p, g,0) = (0,0,0). We have L;p=0
so that p = 0; thus Laq = poaz2q + cazotp. Multiplying the last equation by
1o, integrating by parts over (2 via the divergence theorem and the selfadjoint
structure of Ly, and using (2.5) yields o fQ a2 = 0. Hence, 0 = 0; but then
Log — poageq = 0, and we also have 2 fn qyo = 0. Since yg is a simple eigenvalue of
(2.5) with eigenspace (¥p), p = 0 is a simple eigenvalue of (L2 — poag2)¥ = pt in
2, ¥ = 0 on 91}, also with eigenspace (1)g), so since fn qYo = 0, we must have ¢ = 0.
Thus, DF(0, 19,0, uo) is injective. To show the surjectivity of DF(0, %o, 0, o), we
try solving DF(0, ¢, 0, o) (p,q,0) = (f,g,7) € Y. For the first component we must
solve Lip = f in C27*(Q), which is possible by our assumptions on L;. Hence, p
is determined, and for the second component we must solve

(2.6) Laq — poazeq = g + poaz1p + 0az2tg

for ¢ in C27*(Q). By the Fredholm alternative we can solve (2.6) provided that o
is chosen so that

a/ axnyd = —/ Yo[(g + moaz1p)].
Q Q

Making that choice of o, we solve (2.6). The solution will not be unique; if § is a
solution, so is ¢ + sy for any s € R. Fix ¢; then for the third component we must
solve

(2.7) 2 /n Yog =2 /ﬂ Vold + sv0) = 1.

However, (2.7) is equivalent to

2s/w3=r—2/wo«i,
Q 9]

which we can satisfy by making the appropriate choice of s. That choice deter-
mines ¢ and gives our solution; hence DF(0, v, 0, uo) is surjective. Hence, we may
apply the implicit function theorem to assert that for A in some interval (—éo, 6o),
there are functions ®(X), ¥ (A), u(A) with ®(0) = 0, ¥(0) = 9o, and u(0) = uo
satisfying F(®(A), ¥(A), A, u(A)) = (0,0,0), which implies that (A, u(A)) belongs to
the generalized spectrum. To conclude that the dependence on A is analytic, we
note that we may complexify X and Y and that for fixed ®;,v;, A, 15, 7 = 1,2,
the function F(®; + 21 Pq, 91 + 2292, A1 + 232, 41 + 24/42) is complex analytic in
21, 22, 23, 24. It follows from the analytic version of the implicit function theorem
(see [16, Theorem 1.48]) that ®()),v(A) and u(A) are analytic in A near A = 0.
We have already shown that ®(A),¢¥()), and u()) are real for A real, so we have
real analyticity for A € (=8, 8p) with o sufficiently small.

REMARK. Theorem 2.5 was partially motivated by some ideas used in [6]. The
corresponding result clearly holds near (Ag,0) if Ag is a simple eigenvalue for

(28) Ll(p = /\(111@ in Q, ®=0 ondN.
3. Quantitative results. We now turn to some quantitative questions about
X. Our first result describes how arcs in ¥ emanate from points (0, uo) or (Ag,0)

where po and A are simple eigenvalues of (2.5) and (2.8) respectively. For conve-
nience we state the result for (2.5).
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THEOREM 3.1. Suppose that (1)—(iv) hold and that uo is a simple eigenvalue
for (2.5) with corresponding normalized eigenfunction ¥g. If (P(N),¥(X), A, u(N))
1s as tn Theorem 2.5, we have

(3'1) #/(0) S 0’
with strict inequality if ai2(x)vo(z) Z 0.

The expressions u'(0) and ®’(0) can in principle be calculated; see (3.2), (3.6)
below.

PROOF. By Theorem 2.5, we may differentiate (1.1) with respect to A at

= 0. Doing so, denoting ®’(0) by ®;, and substituting (®(0),%(0),0, u(0)) =
(Oad)()»ov .uo) ylelds

(3.2) L1®; = a1zto

with &, € C3**(Q). The analyticity of ®()) and ¥ ()) then permits us to write
®(X) = A®; + A2d5()), ¥(A) = o + A1 (), with &5 and ¢; bounded as A — 0.
Using that representation in (1.1), multiplying the second equation by g, then
integrating yields

(3.3) /leo(in/)o + ALot;)

= H(/\)/ [Aa12®1%0 + A2a12®a%0 + az2¥2 + Aagathoth1].
Q
Using (2.5) and integration by parts in the integral on the left side of (3.3) yields
(3.4)
N(O)/n(azwg + Aazzto¥i)

= u(A) L[%zdﬁ + Aag2to1] + Au(A) /ﬂ a12®19%0 + A2 u()) /Q a12®2v0.

By (3.2) we may replace a;290 with L;®; in the second integral on the right side
of (3.4). Rearranging (3.4) then yields

(3.5) (Y) — u(0)] /ﬂ la2992 + Aasavorn]

= —/\ﬂ()\) [/ o, L,P, + /\/ 012(1>21f)0:| .
Q Q
For A near 0, the integral on the left side of (3.5) is positive, so we have

H(/\) — M(O) — _N(/\) fﬂ ®:1L, %1+ fﬂ 0,12@2’(!)0
A Ja(a2098 + Aazatbot)1)

Letting A — 0, we have

(3.6) #'(0) = ‘llo/ q)lqu)l// a2
Q Q

By (i)-(iii) we have uo > 0 and the integral in the numerator in (3.6) nonnegative.
That integral will be strictly positive if ®; # 0, which will be true by (3.2) if
aztpo #0.
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REMARK. Theorems 2.5 and 3.1 are quantitative in the sense that they give
information about the location and direction of some of the arcs constituting ¥
in terms of quantities which can in principle be calculated. The computational
nature of the result depends on the hypothesis that ug is a simple eigenvalue, which
has the consequence of allowing us to use A instead of arclength as a parameter
determining ®,v, and u. In the more general case it may be possible to use the
parameterization of Theorem 2.3 and obtain some information about d\/ds and
du/ds near a point sg where we have some information about A(sg), u(sg), and the
corresponding eigenspace for (1.1).

We shall now employ a variational characterization of eigenvalues to describe how
points of & are distributed along rays in the first quadrant in R2. To formulate the
variational approach, we consider systems of the form

2
8.7 Lyw; = oZaij(z)wj in (0, 1=1,2,
=1

w; =wy =0 on 900

where the operators L; satisfy (i) and the coefficients a;; satisfy (ii)-(iv) so that
(aij)zz,j=1 is a positive definite symmetric matrix. We observe that for such sys-
tems we may apply the variational formulation of the eigenvalue problem given by
Courant and Hilbert [9]. By the type of analysis done in Lemma 2.1, we see that
spectrum of (3.7) consists of a discrete set {0k} of real eigenvalues which can be
ordered so that o < ox41 and o, — 00 as k — oo. Following Courant and Hilbert,
we set

(3.8) D'®] = / i Ali(2)®,,®,, + Al(2)®?|, 1=1,2
Q|i5=1

and

(3.9) H{(u,v), (®, )] = /Q [a11u® + aza(ut) + v®) + azp00]

with H[(u,v)] = H[(u,v), (u,v)]. We observe that by (ii)~(iv) H defines an inner

product, and write (®, %)% (u,v) if H[(®,%), (u,v)] = 0. It follows precisely as in

the case of single equation treated in [9] that the kth eigenvalue for (3.7) is given

by

(3.10) of = sup inf (D [®] + D*([y))/H[(®,%)]].
VCIHL ()2 (Q,w)elHé(ﬂ)lz[ (@] W/H] 2

V={(u1,v1)-,(¥k—1,0k-1)} (®,0)*V

The characterization (3.10) yields a comparison theorem for eigenvalues of (3.7)

analogous to those given for a single equation in [9, Chapter VI, §1]. We state the

comparison result below, but omit the proof; it is essentially the same as that given

by Courant and Hilbert for a single equation.

THEOREM 3.2. Suppose that {o}},{o?} are the spectra for two systems of the
form (8.7), with D!, H,, a = 1,2, the corresponding forms defined in (3.8), (3.9).
If D[u] > Di[u] for 1= 1,2 and all u € H}(Q) and H;[(u,v)] < Hy[(u,v)] for all
(u,v) € [Ho*(Q)]?, then for all k we have o} > o}.
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Theorem 3.2 is quantitative in the sense that it allows us to obtain information
about the location of points of ¥ for (1.1) via comparison with other systems. We
will use that approach to obtain most of our remaining results.

To apply Theorem 3.2 we must recast (1.1) in the form (3.7). To that end, we
consider the points of the generalized spectrum lying along a fixed ray in the real
A — p plane. For any m > 0 we consider the ray u = Am; along that ray, (1.1) may
be written as

(3.11) L1® = Mau1® +a129), (1/m)L2yp = Aa12® + az2¢)
or, equivalently,
(3.12) mL1® = p(a11® +ai), Loy = p(arn® + azy).

Both (3.11) and (3.12) have the same form as (3.7). The points of ¥ lying on the ray
& = Am can thus be characterized as (Ag(m), ux(m)) with ux(m) = mAg(m) and
with Ag(m), ux(m) the kth eigenvalues for (3.11) and (3.12) respectively. Hence,
we can use Theorem 3.2 to describe the direction of the arcs constituting ¥ in the
first quadrant. We have

THEOREM 3.3. Suppose (1)-(iv) hold. If for m > 0 (Ak(m), ur(m)) denotes the
kth point of intersection (counting multiplicities) of ¥ with the ray u = Am, A > 0,
then, (Ax(m), ux(m)) varies continuously with m. As functions of m, Ag(m) s
nonincreasing; and pi(m) = mAg(m) is nondecreasing.

REMARKS. It follows from Theorem 3.3 that as (A, 4) moves along one of the arcs
constituting the set ¥ in the direction of increasing A, u must be nonincreasing. If
(A, p) passes through a point of the generalized spectrum with multiplicity greater
than one, then in general several arcs will emanate from the point; however, all of
them must be nonincreasing in x4 as A increases. Because of this phenomenon, the
curve (Ag(m), ux(m)) will generally not be differentiable in m. That such is the
case may be seen by considering the constant coefficient problem studied in [5].

PROOF OF THEOREM 3.3. Defining D as in (3.8) and taking H as defined by
(3.9) for the systems (3.11) and (3.12), we have by (3.10) applied to (3.11) that

(3.13)  Ae(m) = sup D[®] + (1/m)D*[y]

n
VCIHL(Q))? (®.0)€[H ()2 H[(®,v)]
V={(u1,91),»(¥k-1,0k-1)} (®,0)*V

Clearly, (1/m)D?[¢] is nonincreasing for any ¢ as m increases; D! and H are
unchanged, so by Theorem 3.2 Ax(m) is nonincreasing in m. To see that ug(m) is
nondecreasing in m, we apply (3.10) to (3.12) to obtain

mD*[®] + D?[)]
3.14 te(m) = sup in
. m) VC[HS ()2 @weHy @)  H{(®, )]
V={(u1,01)s-- (uk-1,v6-1)} (@)*v

and note that mD![®] is nondecreasing in m and D? and H do not involve m, and
again apply Theorem 3.2.
Notice now that if § > 0 is such that m — § > 0, we have

(3.15) Ae(m+6) < Ae(m) < Ag(m — 6)
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and
(3.16) pe(m +68) > pe(m) 2 pe(m = 6).
Since (3.16) is equivalent to
(m+ 8)Ac(m + 6) > mAg(m) > (m — §)M\(m — §),
(3.15) and (3.16) imply that

m m
< < < —-6) < .
s k(M) < Ak(m+6) < Ak(m) < Ae(m = 8) < ——Ak(m)
Therefore Ag(m) and pg(m) = mAg(m) are continuous functions of m.
The final result of this section tells how points (0, 1) can be connected to points
(A, 0) via arcs in X.

THEOREM 3.4. Suppose that (1)-(iv) hold. Let ur denote the kth eigenvalue of
(2.5) and A the kth eigenvalue of (2.8). Then there exists an arc in X connecting

(0, k) to (Ak,0)-
PROOF. We can write (1.1) as
Lyu =o0coss(ajiu+ ayev), Lov=osins(aigu+ azv)

which is equivalent to (3.12) with 4 = osins and m = tans, s € (0,7/2). If
we start at s = 7/2 and let s decrease toward zero, then by Theorem 2.3 the
part of ¥ in the first quadrant lying in a neighborhood of (0, u*) with pu* = ug
consists of a system of analytic arcs equal in number to the multiplicity of u*.
By fixing k and choosing s close enough to 7/2, we can put the arcs into one-
to-one correspondence with pg, k+1,-- -, lk+i—1, Where [ is the multiplicity of u*.
Choosing the arc corresponding to px, we see that for some € > 0, if s = 7/2—¢, the
point where the kth arc meets the ray u = mA with m = tans is (Ag(m), ux(m))
where (Ag(m), pux(m)) is as in Theorem 3.3. Then by Theorem 3.3 we can decrease s
and hence m until (Ag(m), ux(m)) meets the arc corresponding to A\x and emanating
from (A*,0) with A* = Ag. (That such an arc exists and meets (Ag(m), ug(m)) for
m sufficiently small follows from the same argument used to assert the existence of
such an arc emanating from (0, u*) with p* = u.)

4. Multiplicity estimates. We now consider the problem of bounding the
dimension of the eigenspace at points of the generalized spectrum. Our results
are qualitative in content but require some of the quantitative methods of the
previous section. In general, there will be points at which the eigenspace will have
dimension two. As shown in [5], this phenomenon already occurs in the case where
L' = L? = L, all the eigenvalues for L& = A® in 2}, ® = 0 on A1, are simple,
and the coefficients a;; are constant. The issue is complicated further by the fact
that question of multiplicities of eigenvalues for a single elliptic operator is a subtle
and difficult one. Methods based on the theory of positive operators can be used
to show that under appropriate hypotheses the first eigenvalue of a second-order
elliptic system is simple; see [7, 8]. Even for the Laplacian, higher eigenvalues
may have multiplicity greater than one. However, the simplicity of all eigenvalues
of the Laplacian with Dirichlet boundary conditions on domains in R™ is known
to be generic (in an appropriate sense) with respect to the domain; see [12, 17].
We shall proceed by assuming that (2 is a domain for which the eigenvalues of



356 R. S. CANTRELL AND CHRIS COSNER

the Laplacian are all simple and using Theorem 3.2 to compare our system with a
simpler one, constructed from the Laplacian, for which we can readily determine
the eigenvalues occurring along the ray 4 = Am. Since the choice of comparison
systems is somewhat arbitrary, our approach illustrates a situation common in the
theory of partial differential equations: the technique is more significant than any
specific result that it yields. Thus our analysis is not the only possible one, but
serves to explicate the method. (The question of estimating the first eigenvalue is
somewhat different than that of estimating higher eigenvalues; that problem was
treated by Protter in [14].)

In the remainder of this section we shall assume the following:

HYPOTHESIS S. The domain (? is such that the spectrum of

(4.1) —Aw =~w in (], w=0 on 9]

consists of a sequence v; < 72 < 73 < --- of simple eigenvalues. As noted above,
Hypothesis S is satisfied generically with respect to (1.

We shall proceed by considering points of ¥ lying on the ray g = mA, A > 0,
and comparing them with multiples of the eigenvalues for (4.1) via Theorem 3.2.
Following the notation of Theorem 3.3, let ((1/m)ux(m), ux(m)) denote the kth
point of intersection of ¥ with the ray emanating from the origin given by u =
mA, A > 0. For specified regions of the A-u plane we will show via Theorem
3.2 that for each m there are intervals Iy which can be given explicitly in terms
of eigenvalues of (4.1) and bounds on coefficients in our system, and for which
ur(m) € Ir. We will then give conditions under which no point on g = mA can
belong to more than two such intervals and hence no eigenvalue on the ray can have
multiplicity greater than two.

To obtain bounds for ux(m) via comparison of our system with simpler ones,
we must give explicit bounds for certain quantities depending on the coeflicients of
our system. We shall assume conditions (i)-(iv). Further, we shall assume that for
1 =1,2, ¢ and E] are positive constants such that

alé? < Y Al(x)eE <ElEP,  zeQ, R,

7,7=1

(4.2)
Al(z) =0, z el
(The condition A'(z) = 0 is not necessary for our arguments, but simplifies the
computations.) If we set h(u,v) = aj; (z)u? + 2a12(z)uv + az2(z)v?, then we have
o_(z)(u? +v?) < h(u,v) < 04 (z)(u? +v?) where o_(z) and o (z) are respectively
the smaller and larger eigenvalues of the matrix ((a;;(z))). Since by (iii) the matrix
is positive definite in {2, we have

(4.3) q(u? +v?) < h(u,v) < Q(u? +v?)

where Q = supgo4(z) > infgo_(z) = ¢ > 0. Finally, for each fixed k € Z* we
have by Hypothesis S that

(4.4) R(K) = ke{}?ny}(6k+1/6k) > 1.

We can now state a multiplicity result based on Theorem 3.2.
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THEOREM 4.1. Suppose that Hypothesis S and conditions (i)-(iv), (4.2) and
(4.3) hold. Let R(K) be as defined in (4.4) and suppose that we can choose positive
constants b, B with b < B such that

(4.5) be; < ex < Fy < BE,
and
(4.6) R(K) > max{BE, [be;, E2Q/be1q, BE1Q/eaq}.

Then if (A, u) € X is in the region of the M-y plane bounded by p = bA, p = BA,
and p = Esvk /q, the dimension of the eigenspace for (1.1) at (A, u) is either one
or two.

REMARK. Condition 4.6 will be met if for example we can take all the constants
on the right sufficiently close to one; or if we are given any set of constants and
R(K) is sufficiently large. The condition arises in its specific form from our choice
of comparison systems; there are various other possibilities.

PROOF. We consider the comparison systems

—bey Au = uQu,
(4.7) —e2Av = pQu in {1,
u=v=0 ondf}
and
—BE; Au = uqu,
(4.8) —FE;Av = pqu  in (),

u=v=0 on 01},
where the constants are as in (4.2), (4.3). The eigenvalues for (4.7) belong to the
sequences (u)jez+ = ((be1/Q);)jez+ and (u3);ez+ = ((e2/Q)s)jez+; similarly,
the eigenvalues for (4.8) belong to the sequences (i}),ez+ = ((BE1/q)7;)jez+ and
(#2)jez+ = ((E2/9)7;)jez+- It is not immediately obvious how the full spectra
(1, )kez+ and (E*)gez+ of (4.7) and (4.8) respectively are related to the sequences
(E;)’ (ﬁ?), (i), and (a2). However, by (4.5) and (4.6) we have

(4.9) be; < ey < EzQ/q < R(K)bel
and similarly
(410) FEy < BE, < EQR(K)

(For our purposes inequalities of the form e; < be; < R(K)ez and/or BE; < E; <
BE;R(K) would serve as well as (4.9), (4.10); using those inequalities instead of
(4.9), (4.10) would lead us to require a slightly different form of (4.6).) It follows
from (4.9), (4.10) that E; < E? < -’f;+1 and ji? < i} < g%y, for 1 < j < K; thus
for 1 <i < K we may take p,. = pl, p, = H?’ Roi—1 = B} and fig; = p}. We
now use Theorem 3.2 to compare the eigenvalues of (4.7), (4.8) with those of (3.12).
(We recall that ¥ is determined by those eigenvalues.) Conditions (4.2) and (4.3)
permit the comparisons; we have for example

H{(u,v)] = / h(u,v) < Q / (u? +02)
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and

n
bel/|Vu|2 < m/ Z Al ug ug, = mD'[u],

1,5=1

n
62/|V’U|2 5/ Z Al vz,v5, = D[]
1,9=1
so that p, < pk(m); similarly ux(m) < ¥, provided b < m < B. Thus, we have
for1<k<K

(4.11) (be1/Q) vk < pak—1(m) < (E2/q),
(e2/Q)vk < pak(m) < (BE1/q) k-

The inequalities (4.11) establish intervals in which the eigenvalues px must lie. To
see that no eigenvalue can have multiplicity greater than two, it suffices to observe
that there are no points belonging to more than two such intervals. Another way
of expressing that information is via the following inequalities, obtained from (4.6)
and (4.11):

(4.12) fizj—1 = i} = (E2/q)7; < (be1R(K)/Q)
< (ber /@)W1 = 1y =y
and
fij = iy = (BE1/q)7; < (e2R(K)/Q)v; S B =y o
Hence i < Bppor SO that no point can belong to more than two intervals I =
[ﬁk’ fk). Thus, no eigenvalue ui(m) can have multiplicity greater than two. Since

the points of ¥ have the form ((1/m)ux(m), ux(m)), the dimension of the nullspace
for (1.1) is at most two.

5. Asymptotic results. We have seen that for A near zero, ¥ consists of
arcs emanating from the point (0, x) where u is an eigenvalue for Ly = page9 in
2, ¥ =0 on 9€). We now consider the behavior of ¥ for A large and positive. We
shall assume that conditions (i)-(iv) are satisfied, and further that (4.2) holds and
ai1,a12 € CH(Q). Let vx(L,c(z)) denote the kth eigenvalue for

(5.1) Lw =~c(z)w in Q, w=0 on of.
Define a(z) by
(5.2) oo () = age — a2y/a11.

We then have the following:

THEOREM 5.1. For eaché >0 andj € Z*, there exists a number A such that
¥ has a subset S; C {(A,p): A > A | — (L, ac0)| < 6} with S; N[{A} x {n :
|t — (L2, a00)| < 6}] ts nonempty for all A > .

REMARK. Since ¥ consists of a network of piecewise analytic arcs, we can thus
vary (A, u) continuously in such a way that (A, u) € £,A — 00, and p — ~;(L2, too)-
PROOF. Let D!, D?, and H be as defined in (3.8), (3.9). Let P be the matrix

_ (1 a2fan .
P=(5 "™):
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then

-1_ (1 =ajfan
o3 )

We note that multiplication of a vector valued function (written as a column vector)
by P generates a bounded, invertible operator on [Hg((2)]?. Let

(5.3) Al(u,v), (3, 9)] = / (a11U® + aoov1)).

A calculation shows that if wi, wy € [HE(Q))?, then
(5.4) H[Pw,, Pw;) = Hwy, ws].

We shall write wy Lywg if H[wi,wo] = 0 and wyLgw, if H[w;,wo] = 0. By
(5.4) we see that wiLywy if and only if PwilgzPwo. If V = {wy,...,wg_1}
and PV = {Pwy,...,Pwj_1} then

(5.5) wLgV if and only if Pw.LPV.

If we denote w by (u,v) and Pw by (&,%) then ¥ = v and @& = u+a;2v/a;; so that
u =@ — aj29/a;;. Hence D![u] = D[ — a;29/a1;] and D?[v] = D?[3]. Thus we
have

mD![u] + D?[v] _ mD![i — a129/a11] + D?[9)]

Hl(w,v)] H((@, )]
and by (5.5)
mD?![u] + D?[v] . mD*[i — ay29/a11] + D?[7]
inf ————————= in =
(wo)lyv  H[(u,v)] (@,9) Lz PV H|(4, )]

Since the map generated by P is invertible, it follows that the family of possible
(k — 1)-tuples V is identical to the family of (k — 1)-tuples PV; thus, in view of
(3.15), we have

pk(m) = sup inf mD'[u] + D?[v]
verd@p  woiav Hl(w,v)]
V={W1 ,,,,, wk—l}
5.6
(5.6) _ sup in mD (4 — a129/a11] + Dz[v]
VelHi(Q)? (@d)LgV H|(&,)]
V={y1,..¥k-1}

We will now drop the tildes on the (%,?) terms in the second line of (5.6) and
estimate the terms occurring there. We have

p o] = [ 5 oo (32), [ o= (32,

7,7=1

o[ (22)] ] 5 (52).

1,7=1

(5.7)
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By condition (i), the map (&,7) — Zz =1 A1 (z)&mn; is an inner product on RV
for any fixed z, so

ajqV
22,4,] x,(“’)
Ij

1,7=1

< m'/? z Alugug, +m™1/? Z AL (‘“2”) <—‘;1121”>
T; T

a
7,7=1 1,7=1 11

(5.8)

and hence by (5.7) and (5.8) we have
(1 —m'?)D*u] + (1 — m~Y2)D[(a1av/a11)] < D'[u — (arzv/a;)),
D'[u - (a12v/a11)] < (1 +m'?)D*[u] + (1 + m™*/*)D*[(a12v/a11)).

By assumption aj2/a;; € C1(12) so there are constants K; and K, such that

(5.9)

(5100  0<(ai2/a11)?<K; and 0< ZA (a”> (9—"’-> < K.

ai a1
1,7=1

Also, by (4.2), 0 < D'[v] < (E;/e2)D%[v]. Finally,
(5.11) n(-a) [v2 < [ 190 < (1/ea) 0?0

for any v € H}(2) by Poincaré’s inequality. Thus, using (5.10), (5.11) and (4.2),

<0 [(429)] - [ 3w (82), o (22)

[z, )]
- (E), (32), -

N o f ;f (), o [(22) ]
’ o E () e
<2 ”ZIA ) Ge), e
+2/ ZA (‘“2) Ve, Vs,

< 2K;>/v2 + 2K, D' [v]
< (2[Ka(ni(=A, 1)) + K E]/e2) D?[v).
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For m < 1 and K3 sufficiently large (but independent of m) we have by (5.9) and
(5.12)

(5.13) D'[u — (a12v/a11)] > (1 = mY2)Du] + (1 — m~Y2)K3D?[v)

and

(5.14) D'u — (a12v/a11)] < (1 + m'/?)Du] + (1 + m~Y/2)K3D?[v].

Let

(5.15)

b (m) = sup o m(1 —m'/2)D'[u] + El +m(1 — m~Y2)K3)D?[v]

veEi(@)? (wo)laV H(u,v)]
V={W1 ..... wk_‘}
and let
(5.16)

1/2yp1 1 ~1/2\ K.\ D?
i (m) = sup nf m(1+m'/%)D [u]+£1+m( +m )K3)D?[v]
veH (@) (o) LlgV H{(u,v)]
V={W1 ..... wk—l}

where m is chosen sufficiently small so that 1 + m(1 — m~'/2)K3 > 0. Then by
(5.6), (5.13) and (5.14) we have

(5.17) #(m) < pe(m) < fie(m).
From (5.15) and (5.16) we have that p, (m) and fix(m) are the kth eigenvalues for
(5.18) m(l —m'?)Liu = payyu, (1+m(l —m™Y?)K3)Lov = pacev
and
(5.19) m(1+mY?)Lyu = gaju, (14+m(l+m Y?)Ks)Lov = iaeov
respectively. Hence, the sequence (y, (m)) is precisely the set

{m(1 = mY?)~(Ly1,a11),[1 — m'? K3 + mK3]v;(La,a00)}

written in increasing order; similarly, (fix(m)) is the set {m(1 + m'/2)~;(L1,a1;),
1+ m'2Ks + mK3]v;(La,a00)} written in increasing order, since the systems
(5.18) and (5.19) are uncoupled. We wish to show that for all 7 € Z* and all m
sufficiently small there is a k € Z* such that

(5.20) (1 —mY2K3 4+ mK3]v;(L2, as) < B, (m) < p(m)
and
(5.21) uk(m) < fig(m) < [1 + m1/2K3 + mK3]'7j(L2, aoo).

Such will be the case provided that whenever
B (m)=[1- m'/?Ks + mK3)|v; (A2, Goo)
then for some r > 0, fig4r(m) = [1 +m'/2K3 +mK3)v;(L2,000). Thus, we want to

have the number of eigenvalues of (5.19) less than [1 + m'/2K3 +mK3]v;(L2,ac0)
to be at least as large as the number of eigenvalues of (5.18) less than

[1 —m'2K3 + mK3]v; (L2, aco).
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The number of such eigenvalues arising from the second equation in either system
will be 7 — 1, so we need only show that if

(5.22) m(1 = m'/?)y(L1,a11) < [1 = m'? K3 + mK3)v;(L2, 0o )
then
(5.23) m(1+m!/?)(Ly,a11) < [1 4 m!2 K3 + mK3)v; (L2, aso)-
Now, (5.22) implies that
1+ m!/?
m(1+m"?)y(L1,a11) < [m] [1 = m'/2 K5 + mK3]v; (L2, aco)
so (5.23) follows provided that we have
14+ m!/?
(5.24) [#] [1 - m2K3 + mKs] < [1 + mY2K;5 + mKj).

Since we assume m < 1, (5.24) is equivalent to the corresponding inequality mul-
tiplied on both sides by (1 — m!/2). Performing the multiplication and simplifying
yields the equivalent inequality

(525) ng S K3 - 1.

We may choose K3 > 1; then (5.25) holds and hence (5.22) implies (5.23), provided
m is sufficiently small. Thus, for each j € Z* and for all m sufficiently small, there
is a point (A, u) = (u/m, u) € T such that

(5.26) [l —mY2K3 +mKs]v;(La,a00) < p < [L4+mY2K3 + mKa)y;(La, aoo)-

Since we may choose yp to depend continuously on m, we may take A to be a
continuous function of m with A — oo as m — 0. The intermediate value theorem
then implies that A takes on all sufficiently large values. For m sufficiently small,
(5.26) gives |v;(L2,a00) — p| < 6; so the points (A, u) form the desired set S;.
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